We show that entangled Gaussian states can falsely appear as product states when the (unphysical) limit of infinite squeezing is used in the cluster state formalism: strong squeezing cannot be tantamount to infinite squeezing because the latter entails too large a degree of symmetry, which can be misleading and fail to capture important features of Gaussian quantum states.
We show that entangled Gaussian states can falsely appear as product states when the (unphysical) limit of infinite squeezing is used in the cluster state formalism: strong squeezing cannot be tantamount to infinite squeezing because the latter entails too large a degree of symmetry, which can be misleading and fail to capture important features of Gaussian quantum states.
Continuous-variable (CV) quantum information has achieved groundbreaking scalability performance [1] [2] [3] [4] [5] in the universal, measurement-based, one-way quantum computing (QC) model [6] that uses cluster states as quantum computing substrates [7] . The idealized CVQC model employs, in lieu of qubits, qumodes that are spectrally dense (in the quantum sense) such as the respective eigenstates {| s q } s∈R and {| s p } s∈R of the amplitude-quadrature operator Q = (a + a † )/ √ 2 and phase-quadrature operator P = i(a † − a)/ √ 2 of the quantized electromagnetic field, a being the photon annihilation operator. Universal quantum computing was formulated for CV in an equivalent way to qubit-based QC [6, [8] [9] [10] . Realistic CVQC employs squeezed states, generated by SU(1,1) quadratic Hamiltonians, 1 as an arbitrarly good approximation to quadrature eigenstates. Because squeezed states are the backbone of all experimental implementations of CVQC, it is crucial to understand their imperfections. It is already known that finite squeezing is not an obstacle to quantum fault tolerance, as a fault tolerance threshold for CVQC was proven to exist [12] and has been the subject of optimization studies [13] . Here we address other, subtler effects of finite squeezing.
A cluster state [14] is a mathematical substrate for one-way quantum computing [15] . It is a graph quantum state [16] that contains all the entanglement ever needed for any quantum algorithm and that must be sparsely connected in order to be useful for quantum computing [17] [18] [19] . The graph is composed of qubit vertices in the (| 0 + | 1 )/ √ 2 state, linked by controlled-Z gate edges. Quantum computation proceeds from a cluster state solely by single-qubit measurements and feedforward to graph neighbors. A CV cluster state consists in zero-eigenvalue phase-quadrature eigenstates linked by controlled-phase displacement gates [20] , e.g.
(1) for two qumodes. A qubit cluster state is stabilized by a group of operators of eigenvalue one, generated by 1 e.g. Eq. (67) in supplemental material [11] Pauli operators X j k∈Nj Z k for every qubit j and its neighborhood N j . A CV cluster state has stabilizers of the same form but with Weyl-Heisenberg displacements X = e −iP and Z = e iQ , whose infinitesimal operators, P j − k∈Nj Q k , have eigenvalue zero and are hence called nullifiers. Equation (1) admits the following nullifiers [11]
which can be written in vector form, posing Q = (Q 1 , Q 2 ) T , P = (P 1 , P 2 ) T ,
and where V = 0 1 1 0 is the adjacency matrix of the graph in Eq. (1). 2 The two-mode cluster state | C 12 is entangled and can be realized by the Einstein-Podolsky-Rosen (EPR) state [21] | E 12 = | s q1 | s q2 dq = | s p1 | −s p2 dp, (5) whose nullifiers are, clearly,
A single-mode π/2 rotation, a.k.a. Fourier transform, say of mode 1, in phase space, F 1 = exp[−iπ/4(P 2 1 + Q 2 1 )], transforms these nullifiers into Eqs. (2) & (3), thereby making the EPR and CV cluster states local-unitary (LU) equivalent, denoted | E 12 LU ∼ | C 12 , Eq. (1). This is expected since LUs cannot change entanglement [22, 23] .
We now focus on a very simple case of fundamental relevance: the state created by the interference at a balanced beamsplitter of two quadrature eigenstates out of phase by θ. 3
where U BS = exp[−i π 4 (a † 1 a 2 + a 1 a † 2 )] and where the generalized-quadrature nullifier and eigenstate are
The nullifiers of | B(θ) 12 are [11]
For θ = 0, these nullifiers are P 1 ±P 2 . As the stabilizers form a multiplicative group, the nullifiers form an additive one and a linear combination of nullifiers is a nullifier. Hence P 1,2 nullify | B(0) 12 , which entails V = 0:
An edge between two vertices signifies entanglement, its absence signifies separability, and LUs cannot transform two separated subgraphs into a connected one. 4 For θ = π/2, we recover Eqs. (6) & (7) , which entails
For θ < π/2, we can rewrite the nullifiers of Eqs. (10) & (11) in cluster state form, Eq. (4), with
which corresponds to the graph 
State | B(θ) 12 = is therefore LU-equivalent to a cluster state, as expected since all bipartite entangled states are equivalent under LUs. We now turn to the generalization to Gaussian states of the graphical formalism introduced above, which was developed by Menicucci, Flammia, and van Loock [24] . Derivation details are in the supplemental material [11] . The gist of this formalism is that every Gaussian state can be represented by a unique graph whose edges are now weighted by complex numbers, the imaginary edges representing the effect of the squeezing. This is because the nullifier of a phase-squeezed state of finite squeezing parameter r isn't P any more but P − i e −2r Q. As a result the adjacency matrix Z of the graph becomes the complex matrix
where V is as before. Matrix U is symmetric like V, and also positive definite. It represents the effects of finite squeezing [24] and can be also be interpreted as the error of the Gaussian state to approximate the real (ideal) graph state given by the weighted adjacency matrix V, from Eq. (59) in the supplemental material [11] . Therefore, for a given Gaussian state to be a good approximation of a graph state of adjacency matrix V, one needs to have U → 0 or Tr[U] → 0 since U is positive definite. For the canonical Gaussian cluster state, two phasesqueezed qumodes (realistic implementations of phasequadrature eigenstates) of respective squeezing parameters r 1,2 are linked by controlled-phase gates and we have
Our next example is the Gaussian EPR state, a.k.a. the two-mode squeezed (TMS) state | E(r) 12 , where r is the squeezing parameter [25] . Solving the Heisenberg equations for two-mode squeezing Hamiltonian i r τ a † 1 a † 2 + H.c. over time τ , one finds [26] 
which coincide with the nullifiers of Eqs. (6) & (7) in the infinite squeezing limit r → ∞. Using Gaussian graphical calculus, we find, after a π 2 rotation of one mode [24] Z ≡ 0 tanh 2r tanh 2r
i sech 2r i sech 2r (21) Note that, in the limit r → ∞ and up to a LU (Fourier transform) left, Eqs.
The next case is much less trivial. The finitely squeezed version of | B(θ) 12 
where the initial state is vacuum, S(r) = exp[ r 2 (a †2 −a 2 )] is a phase squeezing operator for r > 0, and R(θ) = exp(−iθa † a) is a phase-space rotation operator, Fig.1 . The Gaussian graph is [11] where v = − sin 2θ sinh 2r 1 2(e 2r1 cos 2 θ + e −2r1 sin 2 θ) (25)
In an initial analysis of this situation for 0 < θ < π 2 , one is tempted to dismiss U altogether as its elements u ± clearly decrease as the squeezing factors. Turning then to V, entanglement is clearly present since v = 0. This result is well known [27] .
For θ = π 2 , we know the result must be a two-mode squeezed state [28] . However, we have v = 0 (27)
Entanglement would appear to have vanished (V = 0) but here the effects of finite squeezing cannot be neglected any longer: the diverging U makes V irrelevant as an approximation of a graph state by a Gaussian state. It was proposed in Ref. 24 that the closest CV graph state that can be approximated by a given Gaussian state could be found by minimizing the trace of U by local rotations. An extremum of Tr[U] can always be reached using solely π 2 qumode rotations. 5 This property yields
which yields Eq. (21) for r 1 = r 2 = r and Eq. (1) for r → ∞.
We now consider the case θ = 0 which gives the product state of Eq. (12) in the limit of infinite squeezing. Equations (25) 
Since all edges are now exponentially decreasing with the squeezing, Eq. (33), a logical conclusion would be that the state is, for all intents and purposes, equivalent to the product state of Eq. (12) to the error due to finite squeezing, and therefore the graph should become experimentally indistinguishable from Eq. (12) .
This conclusion, and Eq. (35), is totally incorrect. While state | B(0, r, r) 12 is, indeed, an exact product state since u − =0 (which was demonstrated experimentally [29] ), state | B(0, r 1 , r 2 = r 1 ) 12 can, however, be strongly entangled. We now prove this.
An independent quantitative bipartite entanglement criterion is the generalization of the Peres-Horodecki partial transpose criterion [30, 31] to continuous variables [22] (see also Ref. 32) . Bipartite CV nonseparability is characterized by the symplectic eigenvalues of the covariance matrixΣ of the partially transposed density operator, which is equivalent to a phase space reflection [22] : if the original covariance matrix is Σ, theñ Σ = ΛΣΛ, where Λ=diag(1, 1, −1, 1). Entanglement is present if at least one of the symplectic eigenvalues ofΣ is less than 1 2 , their product being 1 4 . These symplectic eigenvalues are defined as the absolute values of the eigenvalues of iΣΩ with
The symplectic eigenvalues for the two-mode squeezed state| E(r) 12 are thus
and entanglement is therefore present whenever r = 0. The symplectic eigenvalues for the canonical Gaussian cluster state | C(r 1 , r 2 ) 12 are λ ± = 1 2 2e 2(r1+r2) + 1 ± 2 e 2(r1+r2) + e 4(r1+r2) (38) which shows that entanglement is present ∀r 1 , r 2 = 0 and is independent of r 1 − r 2 .
We now turn to state | B(0, r 1 , r 2 ) 12 . The symplectic eigenvalues are
which shows that the state is a product state iff r 1 = r 2 , since λ ± = 1 then, but the state can be significantly entangled if the difference r 1 − r 2 is large: let's take the case r 1 = 2r 2 with r 2 already large, e.g., 15 dB and 7.5 dB squeezing. Then the amount of entanglement in | B(0, 1.73, 0.86) 12 is equivalent to that present in the 7.5 dB squeezed TMS state | E(0.86) 12 . Hence, | B(0, r 1 , r 2 = r 1 ) 12 is significantly entangled and cannot correspond to the product state of Eq. (35), since all bipartite entanglement is LU-equivalent [22, 23] . Matrix U cannot be dismissed out of hand, even when all its entries are "squeezed." Insight into why strong squeezing does not equate infinite squeezing can be gained from noticing that the covariance matrix of the state does depend on U but also on its inverse, which can result in strong correlations even if U → 0.
One possible resolution of this state of affairs might be that we still need to minimize Tr[U], despite its already small form given by Eq. (33), whose limit is zero for infinite squeezing. However, if we resort again to minimizing Tr[U] by π/2 local rotations, we find the minimum of Tr[U] is already obtained for φ 1 = φ 2 = 0, which means these Fourier transforms are useless here [11] .
The resolution of this situation is brought about by the realization that phase-space rotations aren't the only LUs available, as single-mode squeezing (SMS) operations can, and should, also be considered.
We now need to adopt a criterion other than the minimal value of Tr[U], as the latter will inevitably bring about the need for unphysical infinite squeezing in the SMS LUs. Since, again, all bipartite entangled pure Gaussian states with the same symplectic eigenvalues are LU-equivalent, we choose instead to seek the SMS LUs that will transform | B(0, r 1 , r 2 = r 1 ) 12 into a TMS state of equal entanglement. These SMS operations are [11]
with r ± = (r 1 ± r 2 ) /2. Equation (40) 
and can be compared to the value before the SMS operations from Eqs. (23) & (33),
Note that, even though these two traces are different in general (they're equal iff cosh r − e − r + 2 = √ 2), they both tend to zero when r 1,2 → ∞ as can also be seen from
Conclusions. In this paper, we showed that entangled Gaussian states can falsely appear as product states if the limit of infinite squeezing is used inappropriately in the graph state formalism. Local-unitary equivalence must include single-mode squeezing to give the correct answer. The Gaussian graph formalism still provides all the required tools to handle these situations.
Physical intuition based on infinite squeezing fails to capture such important features of Gaussian quantum states, because the infinite squeezing limit also corresponds to the symmetric situation of all squeezing parameters being the same for all modes. This symmetry is not a feature of general Gaussian states which can have different squeezing parameters.
A direct implication of this result for experiments is that one should never assume that strong squeezing is enough to be consistent with the infinite squeezing limit; one must also take care to balance the squeezing, a requirement which is present, but not obvious, in the infinite squeezing picture. Squeezing imbalance between interfering, otherwise identical, quadratures will result in entanglement of strength the difference of the squeezing parameters, not in a product state. Note that symmetric finite squeezing is a natural feature of experimental implementations that use a single optical parametric oscillator with a flat-top phasematching bandwidth as the source of all entanglement [1, 2].
The extension of this study to the more complex multipartite case is under way. The difficulty is that minimizing Tr[U] is not an option any more and one will need to adopt a different strategy. One possible avenue is to use distance measures in Hilbert space between the Gaussian state of interest and a target state with a well defined graph. Quantum state certification witnesses have been discovered which can be of use in that case [33] .
We In this section, we give a simple and intuitive derivation of the nullifiers of a Gaussian state.
Principle
Let S be the stabilizer of state | ψ :
We now seek the stabilizer of state U | ψ , where U is an arbitrary operator. We can write
which shows that the stabilizer of U | ψ is U SU −1 .
If the stabilizer of | ψ is unitary, S = exp(iN ), then its infinitesimal operator N has eigenvalue 0 and is called the nullifier of | ψ . From Eq. (45), the nullifier of U | ψ is U N U −1 . If U is a unitary evolution operator U =exp(−itH/ ), then the nullifier of U | ψ can also be found more easily using Lie algebra rather than Lie group methods, from the time-reversed Heisenberg equation
Cluster state
If we take the initial state | 0 p1 | 0 p2 , whose simplest nullifiers are P 1 and P 2 , then the nullifier of the cluster state exp(iQ 1 Q 2 ) | 0 p1 | 0 p2 is found by solving the Heisenberg equations for the quantum nondemolition (QND), spring-coupling Hamiltonian
yielding Heisenberg-picture operators
Eq. (49) yielding the nullifiers of Eqs.
(2) & (3) for αt = 1.
Rotated quadratures into a beamsplitter
The initial phase quadrature eigenstates, of nullifiers P 1 and P 2 , are now subjected to a phase-space rotation of mode 1, followed by a balanced beamsplitter transformation. It is easy to show that the corresponding Heisenberg-picture transformation corresponds to the symplectic matrices in the Schrödinger-picture order, using x = (Q, P) T ,
As mentioned above, the nullifier transformation will be the inverse of this Heisenberg evolution, i.e.,
yielding the nullifiers of Eqs. (10) & (11) N 1 = P 1N = sin θ(Q 1 + Q 2 ) + cos θ(P 1 + P 2 ) (55)
Reminders of Gaussian graphical calculus [24] This section outlines the formal steps of the derivation of a Gaussian graph state. Readers interested in more details and complete proofs should consult Ref. 24 .
Gaussian graph state definition
In the general multipartite case, the system of graph nullifiers P j − k V jk Q k can be written in matrix form
where V is the weighted adjacency matrix of the graph state.
For finite squeezing, this equation doesn't have a null right-hand side since the residual quantum noise may create deviations from the ideal graph. The more general formalism of graphical calculus was established to treat this situation rigorously by introducing a generalized complex adjacency matrix
where V is as before and U > 0 captures the finite squeezing effects (V and U are both symmetric), as pointed out in the main text, the matrix U can be though as a quantification of how well a given Gaussian state approximate the real (ideal) graph state given by the adjacency matrix V. This is due to the matrices V and U are related through the relation
Thus, it is required that U → 0 in the limit of infinite in order have a well behaved Gaussian state that is a good approximation of a cluster state. Since U is positive semi-definite, a good criterion for V to be the adjacency matrix of a valid graph state is
There is a one-to-one correspondence between a given Gaussian state and a Z matrix as it can be extracted directly from the CM. We now show how to obtain matrices V and U.
Graph derivation steps
The system of Heisenberg equations can be written, for a Hamiltonian
and an n-mode vector x = (Q, P) T ,
and can be solved by diagonalizing G = UG diag U −1 , then the solution of Eq. (62) is
where S is the symplectic matrix given by
Once the symplectic matrix S of the system is obtained, the covariance matrix, which contains all information about a Gaussian state, can be derived as
and an important property of the covariance matrix is that it is related to the complex adjacency matrix Z by
where the block structure corresponds to the definition x = (Q, P) T . This yields the graph if the matrix U is well behaved, i.e., verifies Eq. (60) in the limit of infinite squeezing. An allowable strategy for modifying U so its limit vanishes is to apply local operations to qumodes, since these cannot change the state separability, i.e., its entanglement. It was shown in Ref. 24 that, in the case of V = 0, applying local Fourier transforms of qumodes, a.k.a. optical phase shifts by π/2, will produce, remarkably, an extremum of TrU, though not necessarily a minimum.
Examples of Gaussian cluster states
We present the results of the procedure highlighted in the previous section for 3 different situations involving 2 interacting qumodes. In each case, if the outcome isn't a product state, then there must exist a graph state, since all two-mode entangled states are equivalent under local unitaries [22, 23] . However, as it will be shown later, the criterion of Eq. (59) isn't verified in all cases. The consequence is that it would appear that defining a cluster state isn't always possible in these situations, which would be a very disturbing fact.
The resolution lies in the use of local squeezing operations Two mode squeezed state
The two mode squeezed (TMS) state, also know as EPR state, is the traditional example of a CV entangled state and can be produced by nondegenerated parametric down conversion (PDC) whose Hamiltonian is given by
From this quadratic Hamiltonian we can write down linear Heisenberg equations of motions and integrate them directly. Defining the vector of quadratures X = {Q 1 , Q 2 , P 1 , P 2 } T we can write the solution to the Heisenberg equations as
If our initial state is vacuum or a coherent state, then the initial covariance matrix (CM) is given by the identity matrix, then after the evolution given for the symplectic matrix S the new CM describing the two mode squeezed state is given by Eq. This CM will be extremely important given that this will be considered as the standard form for a two mode pure Gaussian state, which can be written as
where we have defined µ = 1 2 sinh 2r and ν = 1 2 cosh 2r. The eigenvalue and eigenvector lists of the covariance matrix are { 1 2 e −2r , 1 2 e −2r , 1 2 e 2r , 1 2 e 2r } (72)
which show us that the EPR variables are squeezed, i.e.
which, according to [32] , witnesses entanglement between the two modes.
After applying a Fourier transform on mode 1
the new CM will be given by As pointed in the main text, the natural approach to approximate an ideal graph state is by the canonical Gaussian graph state. Starting for vacuum, we p squeezed each mode and then we applied control Z gates between the modes connected by an edge in the graph. For the two modes graph state Eq. (18), the symplectic matrices that represent the p squeezing operation and the control Z gate CZ= exp{iQ 1 ⊗ Q 2 } are given by from which we can directly calculate the Z graph using Eq. (66). The symplectic eigenvalues of the partially transposed covariance matrix are λ ± = 1 2 2e 2(r1+r2) + 1 ± 2 e 2(r1+r2) + e 4(r1+r2) (81) and, given that λ − λ + = 1 4 , this shows us that for any r 1,2 > 0 we have entanglement in the system.
Balanced interference of two single-mode squeezed states
If we mix a P squeezed mode with another state which squeezed quadrature is rotated an angle θ with respect to the P quadrature in a 50/50 beam splitter, we will generate the state described in Eq. (8) . The symplectic matrix describing the initial squeezing operation for the P quadratures is given by the matrix S 1 in Eq. (78) while the sympletic matrix describing the rotation of mode 1 R 1 (θ) and the beamsplitter operation U BS are given by 
From the total symplectic matrix S = S BS S θ S 1 we can calculate the covariance matrix of the state as
Σ Q (r 1 , r 2 ) = η + (r 1 , r 2 ) η − (r 1 , r 2 ) η − (r 1 , r 2 ) η + (r 1 , r 2 ) Σ P (r 1 , r 2 ) = Σ Q (−r 1 , −r 2 ) Σ QP = − 1 2 sinh 2r 1 sin 2θ sinh 2r 1 sin 2θ sinh 2r 1 sin 2θ sinh 2r 1 sin 2θ
where η ± (r 1 , r 2 ) = 1 2 e −2r1 sin 2 θ + e 2r1 cos 2 θ ± e 2r2 and r 1 , r 2 > 0 are the squeezing parameter of the rotated and P-squeezed modes respectively. Given this CM, we can derive the complex graph Eq. (23) and Eqs. (25) & (26) .
From the eigenvalues of the CM above, we find that the squeezed quadratures are given by ∆(P 1 − P 2 ) = √ 2 e −r2 (85) ∆[sin θ(Q 1 + Q 2 ) + cos θ(P 1 + P 2 )] = √ 2 e −r1 (86) from where we can construct cluster state nullifiers as
In the case θ = 0 the covariance matrix Eq. (84) is 
